Abstract. In the present paper first, we define the conformal Sasakian manifolds and then we study geometry of invariant, anti-invariant and CR-submanifolds of conformal Sasakian manifolds.
INTRODUCTION
A (2n + 1)-dimensional Riemannian manifold (M, g) said to be a Sasakian manifold if it admits an endomorphism ϕ of its tangent bundle T M , a vector field ξ and a 1-form η satisfying
for any vector field X, Y on M , where ∇ denotes the Riemannian connection [30] .
The close relationship between Kaehler manifolds and Sasakian manifolds naturally leads to the question which objects, methods and theorems can be transfered from one to the other.
Banaru [2] succeed to classify the sixteen classes of almost Hermitian manifolds by using the two tensors of Kirichenko, which are called the Kirichenko's tensors.
The locally conformal Kaehler manifold is one of the sixteen classes of almost Hermitian manifolds. The first study on locally conformal Kaehler manifolds was done by Libermann [19] . Visman, put down some geometrical conditions for locally conformal Kaehler manifolds [28] , and Tricerri mentioned different examples about the locally conformal Kaehler manifolds [27] .
In this paper first, we define and introduce conformal Sasakian manifold and then we study submanifolds in this space. In the section 3, we proved that the necessary and sufficient condition for the invariant submanifolds of a conformal Sasakian manifold be minimal this is that the Lee field ω ♯ is a tangent vector field. In the section 4, we study the anti-invariant submanifolds of a conformal Sasakian manifold and it is shown that, this submanifolds have flat normal bundle if the structural vector field ξ be in the normal bundle. In the section 5, it is proved that for the CR-submanifolds of a conformal Sasakian manifold, the anti-invariant distribution D ⊥ is integrable and totally geodesic. Finally in the section 6, we study totally umbilical submanifolds of a conformal Sasakian manifold.
PRELIMINARIES
A differentiable Manifold M 2n+1 is said an almost contact manifold if it admits a vector field ξ, a one-form η and a (1,1)-tensor field ϕ with the following properties
Furthermore, if M be a Riemannian manifold with metric tensor of g such that
then (ϕ, ξ, η, g) is called the almost contact metric structure. A manifold M 2n+1 is said a contact manifold if it carries a global one-form η such that
everywhere on M . The one-form η is called the contact form.
A contact manifold M 2n+1 with an almost contact metric structure of (ϕ, ξ, η, g) is said a Sasakian manifold if
for any vector field X, Y on M , where ∇ denotes its Levi-Civita connection related to metric tensor of g.
A plane section σ ⊂ T p (M ) is a ϕ-section if σ is spanned by {X, ϕ p X}, for some X ∈ T p (M ). The restriction K ϕ to ϕ-sections of the Riemannian sectional curvature (of (M, g)) is the ϕ-section curvature. A Sasakian space form is a Sasakian manifold of constant ϕ -sectional curvature and in this case the Riemannian curvature tensor field R is given by
Let ( M , g) be a Riemannian manifold and (M, g) be a Riemannian submanifold of ( M , g). Then for any tangent vector fields X, Y and unit normal vector field N on M , the Gauss and Weingarten formulas are given by
Where ∇ and ∇ are Levi-Civita connection of M and M , respectively, also h and A N are Second fundamental form and shape operator corresponding to N , respectively. Let R and R denoted to curvature tensors of M and M , then The Gauss and Codazzi equations are given by
Where, X, Y, Z, W are tangent vector fields and N is a unit normal vector field on M .
Also, if R
⊥ be the normal curvature tensor of M then we will have the Ricci equation by following
Where N 1 , N 2 are unit normal vector fields on M and A 1 , A 2 are shape operayors corresponding to N 1 , N 2 .
The Conformal Sasakian manifolds
A smooth manifold (M 2n+1 , ϕ, η, ξ, g) is called a conformal Sasakian manifold if there is a positive smooth function f on M 2n+1 such that if
) with new almost Contact metric structure ( ϕ, η, ξ, g) be a Sasakian manifold. Let ∇ and ∇ denote connections of M 2n+1 related to metrics g and g, respectively. Using Koszul formula, we derive the following relation between the connections ∇ and ∇
so that ω(X) = X(f ) and ω ♯ is vector field of metrically equavalente to one form of ω, that is, g(ω ♯ , X) = ω(X). Then with a straightforward computation we will have
where B := ∇ω − 1 2 ω ⊗ ω and R, R are the curvature tensors of M related to connection of ∇ and ∇, respectivaly. Also, by the relation (3.2) we have
. Let ∇ ′ and R ′ are the connection and curvature tensor on M ′ m , respectively, and g ′ be induced metric of g. We set
) is a conformal Sasakian manifold with connection ∇. Then by separating the tangential and normal parts of
we will have
for any X, Y ∈ T M ′ and N ∈ T M ′⊥ . We need the equations of Gauss, codazzi and Ricci equations between manifolds
so that, p = 2n − m + 1.
Proof. By relation (3.2) we have
then we get
and compare the tangential part and the normal part, then the normal part is
Let {E α , ϕE α , ξ|α = 1, ..., n = m−1 2 } be a orthonormal frame on M ′ m and suppose H be the mean curvature vector. Then by (3.17)
and Theorem 3.1 is proved.
Anti-invariant submanifolds
). Then the (1,1)-tensor field P on M ′ m is equivalently zero.
Lemma 4.1. Let M ′ n be an n-dimensional anti-invariant submanifold of the conformal Sasakian manifold (M 2n+1 , ϕ, η, ξ, g). Then
Proof. Since P = 0 then it is easily seen that (4.1) follows from (3.6) . Also (4.2)follows by substitution from (4.1).
Proposition 4.2. Let M ′ n be an n-dimensional anti-invariant submanifold of the conformal Sasakian manifold (M 2n+1 , ϕ, η, ξ, g). Then M ′ n has a flat normal connection if and only if
Proof. Let ∇ be the connection of Sasakian manifold (M 2n+1 , ϕ, η, ξ, g).
Let us substitute R from (3.3) into (4.4) to obtain the identity
where X, Y, Z, W ∈ T (M ′ n ) (so that ϕZ, ϕW ∈ T M ′⊥ ). Take the inner product of (4.5) with ϕW and use the Ricci and Gauss equations to yield
then by substitute (4.2) into (4.6) and use (4.7), we have
Thus R ⊥ = 0 if and only if (4.3) holds.
Let M ′ n be an n-dimensional anti-invariant submanifold of the conformal Sasakian manifold (M 2n+1 , ϕ, η, ξ, g). Then M ′ n is called a submanifold of reccurent normal curvature, if
Proof. By (4.9) and using (4.3) in Proposition (4.2) we obtain
Now by contraction of curvature tensor, Ricci tensor of ( 
Proof. Let X ∈ D and Z, W ∈ D ⊥ .Then Φ(X, Z) = 0 and Φ(Z, W ) = 0. Since ( M 2n+1 , ϕ, ξ, η, g) is a conformal Sasaki, then d Φ = 0 where Φ(X, Y ) = g(X, ϕY ), so we have
by the note X ∈ D and Z, W ∈ D ⊥ then (Φ ∧ ω)(X, Z, W ) = 0 and hence by above equation 
Now the proof of theorem is complete by (5.1) and (5.3).
Totally umbilical submanifolds
Proof. Let X, Y ∈ D ⊥ . As P (D ⊥ ) = 0 and Φ(D ⊥ , D ⊥ ) = 0 the identity (3.6)may be written as
Let us interchange X and Y in (5.2) and subtract the resulting identity from (5.2). We obtain 
